B85 SEREBHMES

BE SENRBYWIRS

- EZHEH > ESHAM

E— SEERH

1. ZEBHBIER
(1) B0y = f (X, Xp0 Xgy ey X,)  HIBKIEIHE 22 22 S BU KL (function of several variables)

@) 2= f(xy) & —E SR HERBIER BTG R AT b B
0 EL R BT M R — (i

B) V= f(xy,2) E—E=EEUENY o ELOR U R TR R — S T
i

@) v="f(xy,zt) B IEPYEEEERE > H R BIERE R TSR A — R 2 fE R R
AT BRI UE - AN EsER b — B — AT TR

N v=1(xY,2)
z=1(x,y) t
A ? > o>
P ,
poe e
T >y Py (X’ Y’Z’t02 ‘ h‘
(X, y)
. - v=f(Xx,Y,21t,)
B EREY = TR s B T R
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R—iED (F)

{5 1.
Sketch the graph of f(X,y)=y1-x*—y®> for x*+y*><1.

v

Bl 2. (heEEHEH 1-1)

Suppose that there is a sphere centered at the origin of radius r cm. If the temperature of the center

is 100°C, and the temperature drops 5°C per % cm from the origin. Find the temperature at

rr
1515) .

ﬁ N’Tﬂ
N
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BB ZBHHHBIMED

B —EERERIIBR

1. SRR HiBlBLE
(1) lim f(x,y)=L < TEEEFE L (x,y) X B (a,b)

(x,y)—>(a.b)

s

R f(x,y) B&AE L
(2) EABIRAALERE » ANaw (x,y) HWMEEREEZE (a,b) » f(x,y) HGEEFR—ME L
() AR > H (x,y) RHEFMMREEEEL (@b) K f(xy) BEAFREBH
B RN lim f(x,y) RNFETE

(x,y)—>(a,b)

Gakel
2 2
®ofxy)=2—
x? +y
2 WE y=0 BEE (0,0) B =V im X
mOy) it y=0 & 0.0) e N +y? T oo xE
A% L YE g : x* -y’ : -y
% (x,y) IVE x=0 &4 (0,0) B> lim T —1

(x)=000) X+ Y% (0y)-(00) y?

R

()00 X2 + y

/(a,S/

v

2. SRR BRI A 2 7

(1) ®E limf(x)=L < Ve&>0,35>0 suchthat,if 0<|x—a|<J, <&

(2) lim f(x,y)=L

(x,y)—>(a,b)

=
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R—IED (F)

{5l 1.

Show that  lim Xy

(x,y)—(0,0) X2+y2

=0 by definition.

BildE 2. (fAEedp] 2-1)
Show that  lim (2x+y*)=6 by definition.
(x,y)—(1,2)

HE2EEMRNE © 2023
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i 3. (FEEEHEH 2-2)

. . sin X +Cos
Determine whether  lim y

(x,¥)—(0,0) ’XZ + y2

exists or not. If it exists, find it.

BIE 4. (FEZEHEH] 2-3)
Determine whether  lim Xy

()00 X+ y

> exists or not. If it exists, find it.
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PR 5. (AR 2-4)
2
Determine whether  |lim Xy

(xy)-(00) X* +y

> exists or not. If it exists, find it.

BliE 6. (FaEEHEH 2-5)

2

Determine whether  lim exists or not. If it exists, find it.

(xy)-00) X* 4y

2
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BA= “EBRBIERFHRKIE
1. fehmps bR bR
r=
A x:rcose, B B
W = {y:rsine A {tana— 4
) é‘f@m,i—ﬁwé’( lim fy)=_lim f(r.6)" (X, y)
WOE B E IR TR HUHU%WBE&Y“ 1t > HmEMRRR r
M H R R AT 5 R A AR 0 s
(3) JRBLEIRZAMREERT o (EAGFR AT R AT iR o B RS

GRIRBERIA] 5 5 4h  SHREEEELAR » (X, y) —(0,0)

FER r—0

GBIkl
X=rcosd : X . rcos@-rsing . .
2 o HE im Y jimfCOS0-TSING _ i rcos@sing = 0
y=rsing ()00 [y +y2 ™o r r—0

2. SERUTEHERDR bR
A f(xy) RIPEBUT R — TR A R RIA] R A M R A R 2

iw

il

(1) lim (2x+y)_I|m(2x)+I|my =2+4=6

(x.y)>(1.2)
(2) (Xy)mg (Bxy —2x+3y—-2) = Ilirg31)(x+1)(3y 2)
[imtes ][ imer-2]
=4.1=4
[%ﬁzr’]
(Bxy —2x+3y—-2) = 3(I|mx)(I|my) 2(I|mx)+3(I|my) 2

(xy)»(sn
=3-3-1- 23+31 2
=4

3. R AR R

i Bl
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lim xsin(x+vy) B
(x,y)(0.0) (x+Y)

o<|xsin(x+y)|<|x| H lim |x=0

(x,y)—>(0,0)
B lim |xsin(x+y)|=0 #fi ( I)in?OO)XSin(X+Y)=0
X,y )—>(U,

(x,y)—(0,0)

4. A tim S R

X

i Bl

sin(x* +y?) _ lim sin(r?) i
2 2 - 2 -
(x,y)—(0,0) X<+ y r—0 r

5. RZEH - REER

ai il

2 2

. X“—y ] ] .
lim = Iim (x+y)=(imx)+(limy)=0+0=0
(x,y)=>(0,0) X — y (x,y)—>(0,0)( y) (x—>0 ) (y—>0 y)

Bl 1. (hagEafpl 3-1)

. X
Iim ——=7

(x,y)—>(0,0) ’XZ + y2
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Bl 2. (FEEHEH 3-2)

lim xInyx*+y? =2

(x,y)—(0,0)

plE 3. (faZEdp] 3-3)
lim (2x°y®+3x’y?* +3x+2y) =?

(x,¥)~>(1,.2)
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sin(2x+y)
(x)-(00) 2X% + 2X + XY +

I 4. (KEEEFIH 3-4)
=?

IR 5. (FHEEHEH] 3-5)

, I)i n(10 0)[X +Yy]=? [X] is the largest integer that is less than or equal to X.
X,y)—>(0,
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Bl 6. (FEEEHH 3-6)

1-cosyx*+y® )

(x.y)-(0,0) x> +y?
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BN —EHRHBIGRERTIE
1. PYHIZETY
4 (X‘yl)ig?a’b)f(x, y)=L H (X]yl)igga‘b)g(x, y)=M > ceR ’ HI:

D) lim [c-f(x,y)]=

(x,y)—>(ab)

) lim [f(x,y)+9(x y)]=

(x,y)—>(a.b)

@) lim [f(xy)-9(x,y)]=

(x,y)—>(ab)

454 [ f(X’ y) ;
> Hl -
@ F A
2. IR
# lim f(xy)=L H

(xy)—~>(ab

Al dim g(f(xy)=g(L)

(x,y)—>(a,b)

{5l 1.

lim e =2
(xy)>(00)
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BT —EYRHRIES
1. SRS e 5%
@ f(a) F#1E
(1) B f(x) £ x=a LEf < {©® lim £ (x) AL

()

@ lim f(x) = f(a)
@ f(a,b) F1E

lim f(x,y) 1
fy)  (oy)=(ab) o |2 ahm OOV T

&)

SR AR B S T PR

1)

()

PHRIZEE

FOof(xy) M ogxy) BE (x,y)=(@b) FH#L> ceR > HI:
@ c-f(xy) 1E (xy)=(ab) bwrisg

@  f(xy)+g(xy) & (xy)=(ab) ks

@ f(xy)-gxy) £ (xy)=(ab) ks
@

W) e (xy)=(ah) L

% o(a,b)=0  H
9(a.b) a(x,y)

BRGER
% of(xy) T (xy)=(ab) HGH g(t) 7 t="f(ab) L4
Al g(f(xy) 7E (x,y)=(ab) i
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R—iED (F)

{5 1.
| ysin— it (6,y)#(00)
Find aeR sothat f(x,y)= Xy is continuous everywhere.
a , 1f (X, y) =(0,0)

i 2. (FEEEHEH] 5-1)

xXX-y* .
, 1f (X, y) #(0,0) . '
Find aeR sothat f(x,y)=<x*+y? (x.y)#(0.0) is continuous everywhere.

a , if (x,y) =(0,0)

2-14
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BN —BERERRMD

1. SR BR T ER .
W “mf(a+h,br:—f(a,b)

®© W f(xy) £ (x,y)=(a,b) TT¥ x {Rilm
@ it L-T(ab) =
oX

=LeR  H:

ot
OX (ab)
(2 & =LeR ’Hl:
© @ f(xy) £ (xy)=(ab) FI¥ y RHD
@ U L- 5 &
J— ay (a,b)
Al
N

< f(x,y)=e'siny

i 1(0+h,0)- £(0,0) e"sin0—e”sin0 _

i =lim 0
h—0 h h—0 h
of
..—(0,0)=0
8x( )
0 a3 0«3
e lim f(0,0+k)- f(0,0) :"me sink —e”sin0 1
k—0 k h—0
of
-.—(0,0)=1
ay( )
g, Of
. SR TR =

oJ
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R—iED (F)

2. —SSEAUIRIREEY :
(1) %(x,y):nmf(“h’y)—f(x,v)

h—0 h

of . f(x, y+k)=T(x,y)
2) —(x,y)=Ilim
(2) ay( y) =lim »
BIAE
O .. o . €siny—e*siny . et e
&e smy_LlLrg ™ = (sin y)Ihlirg =e’siny
iexsinyzlime sin(y +k)—e smy:(ex)"msm(erk)—smy:eXCOSy
oy k—0 k h—0

) &#tHE g—i(x, y) o AOREEL y MHBARIESL A HE O 2ARE x #457

4) &8 %(X, y) IR AIREER TR IR 2 8 28R (2%2)

3. ZEBFMBINREAYL

il

0y v o
—xe’sinz=e’sinz
OX

oy yo
— Xe’SInz = Xe’ Sinz

a Y o1 y
—xe’sinz = xe’ cosz
0z

4. ZS2WA BRI FEEHR

0 ab)lim @D =f@b) . (xb)-f@b)
OX h—0 h x—a X—a
of . fab+k)-f(ab)
() g(a,b)—L@g " =
2-16
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B 1. (FEEHEH 6-1)

Let f(xy)=n0Y)
y+

find q(x, y) and ﬂ(X, y)
ox oy

Bl 2. (FaEHH 6-2)

Let f(x,y)=x’y, calculate ? (L1) and ;i (1,1) by definition, and then check it by getting
X y

q(x, y) and i(x, y) first.
OX oy

2-17
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B 3. (F5EEHf 6-3)
Let f(X, y):J'Xye“zdt,ﬁnd %(x, y) and %(x, y).

@3

PR 4. (KGR 6-4)
Xy .
—— i (X, 0,0
Let f(x,y)=1% +Yy’ (%, y) #(0,0)
0 Jf (X, y)=(0,0)
of the function at the origin.

, find 4 (0,0) and Zf—y(O, 0), and check the continuity

2-18
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BB ZBHHHBIMED

EHt SEREMD

1. waPEime s AN

o f o ,of f
1 -9
() x> ox (8x)

o° f 0 ,of 82f
2) =—(=) >

OXoy 0Ox oy ayax
(3) JifERENR AR EEMI IR
f

2 2 2
X ot ‘af=8yf \82=axxf \a£=a NP B
oX oy OX oy Y oxoy ° oyox 7
B
of of o f o° f o f o f
L N L L —f _
OX oy OX oy Y ooxoy " oyox
EaAvlll
o* . 0,0 . 0 .
——ysinx =—(=ysinx) = —(ycosx) = —ysin x
@ Pyl ax(axy ) ax(y )=-Y

@ 6nyex (2y+5) = 6X{8y[ﬁxex(2y +5)]}= ax[ayeX(Zy +5)]=0,(2e*) = 2¢*
® #& f(x,y,z)=xe’sinz >

Jl £, =0,[0,(0,xe”sinz)]=0,(d,e"sinz) =3, (e’ sinz) = e’ cos z

2. TRST RIFA—ERESRIA

i Bl

X3y — xy )
. — | if (X, 0,0
B f(xy)=1 X*+y It (x,y)#(0,0)

0 if (x,y) #(0,0)
EH (xy)=(0,0) >
f(xy)= (Bx*y = yH(X* + y?) - (X°y - Xy)(ZX) X'y +4x%y3 - y°
(X +y?)? 2+ y))
f,(xy)= (¢ =3xy")(X* +y°) — (X’y - xy°)(2y) X5‘2 yz_zy
(X* + y?)? 2+ y9)

(X, y)#=(0,0) FF
0
—imh%_o

h—0 h

(6 y) = 1,(0,0) =1im f(h,O); f(0,0)
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0

limX” — 0
h—0 k

f,(x,y) = 1,(0,0) = lim f k); £(0,0) _
x“y +4)(2y3 _ y5
[i'd f.(x,y)= (X2 i y2)2

°  if (x,y) = (0,0)
X5 —4x3y2 _ xy“
H fy(X, y)= (x* +y?)?

0 Jif (%)= (0,0)

=lim*—=-1
k—0 k

h5
-0
f,(h,0)~ f,(0,0) h
h

1T (X, y) #(0,0)

1T (x,y)#(0,0)

8 1,,(0,0)=lim

f,(0,k) - f,(0,0)
k

=lim =1

k—0 h

B 1,000 =lim
Kt > gt f,,(0,0) = £,(0,0)

I £, =, ?
Ans D& f f, f,f, F0 f, R QI f =f

» Ixy Ty Bxy

B 1. (FE2EEHH 7-1)
o3 f
OXoyoz

Let f(x,y,2)=In(x*+y*+z°), find

2-20
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BiIE 2. (faEEEfp] 7-2)
,find f
z

Let f(x,y)=

@3

(1,171).

Xyxz

X+

2-21
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R—iED (F)

EHN RHMDEFZ

1. PUHIEES @ (5 HE x (RN BHAMZBERMIIR)
(1) (cf) =cf, » Ht ¢ &AFEE
2 (f+9),="f,+g,
(3) (f'g)x:fxg+gxf

v + f fg_gf
4) % g=0 B (1) =282 0d
(4) g=0 K (g) .
2. SREY ()
(1) & z=f(xy) > Hf x=x(@t) H y=y(@) ’80:
©  z=z(t) = f(x(®), y(1)

dx

o G o o dy (o )t
dt ox dt oy dt (ox oy)| dy

dt

GzRedl

B Of(xy)=2x+y® > HA x=x(t)=sint H y=y()=¢
Al f(x(t), y(t)) = 2(sint) + (') = 2sint +&*
= 9 ocoste2en

dt

s it df of dx of dy
HgHE © — = . — + . =L =(2)(cost) + (2y)(e') = 2cost + 2e*
17 FE 2 pE A 5 o dt+ay ot (2)(cost) +(2y)(e) +

(2 &% v="~1(xy,z) > HFf x=xt)> y=yt) H z=z() > Hl:
@ v=v(t) = f(x(1), y(t), z(1))

2-22
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BT ZEHRENMED
®oz=1(xy) » HEFf x=x(s;t) H y=y(st)  Hl:
@©  z=2z(s,t) = f(x(5,1), y(5,1)
o _of x o &y
s Ox s oy 05
oz
@ ==
x o
(a_z azj o x of oy of x ot y) (ot e a
os ot 6x856yasax6t8yat ox oy)loy oy
os ot
at
Fof(xy)=x+y > HE x=x(s,t)=e’sint H y=y(s,t)=tIns
HI f(x(s,1), y(s,t)) =e°sint +tIns
onf . t
—=e’sint+—
N 0s S
f_os
—=e’cost+1Ins
?; 2; g:+2; Zy (D(e’sint) + (1)(t- —) e’ S|nt+£
T R of of ox of
— Y = (1)(e’cost) + (1)(Ins) =e°cost +Ins
. ox at 8y ot
& ov="~f(xy,z) > HF x=x(s,t) ~ y=y(s,t) H z=z(s,t) ’ HI :
@®  v=v(s,t) = f(x(s,1), y(s,1), z(s,1))
o N_ot x o oy of &
oS OX 0s oy 0s 0Lz 0s
ov
@ ==
@ (@ @]: of ox ooy of or of ox o oy oF o
os ot OX 0S 0y 0s 0z 0s oOx ot oy ot oz ot

RNBEED HRIX



A—ED (F)

G) & z="f(xy) » Hb x=x(st) H y=y@) Hl:
@ z=z(51) = f(x(5,1), y(1))
or _of ox
® s ox 0s
©) o _of % of dy
a ox as ay ds
5 [Q @j: of ox o ox of dy
0s ot ox 85 ox ot ay dt
x x
:(g qj s ot
oX oy 0 dy
dt
x
:(g qj s ot
ox oy)| oy o
os ot
BIkEl
Of(x,y)=x"+3y > HA x=x(s,t)=e’sint H y=y()=Int
HII £ (x(s,t), y(t)) = (¢° sint)® + 3(Int) = €**sin’t + 3Int
ﬂ=2e253in2t
N 0s
ﬁf 25/ x 3 2S a1 3
—=2 t )+-—= 2t) +—
p" e~*(sin )(cos)+t e“*sin( )+t
Z_f:;i ?—(ZX)(E sint) = 2e*sin’t
I AR - a: L Xt d
A XY _ox)e cost) +(3)(¢ L 2e253|n(2t)+—
o ox ot 6y dt
6) & z=1f(xy) > H x=x(s,t) H y=y(tu) H:
@  z=z(s,t,u) = f(x(s,1), y(t,u))
oz
@ =
0z
® e
oz
@ T
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BB ZBHHHBIMED

OX OX 0
o(z2aza)sa
os ot ou) (ox oy) o ¥ ¥
ot ou
3. ZEEWI R PRI 5 oy B S
(1) & F(X, Xy %)= (Vis Yooemn V) 2 HIL
© BMEE 1<k<m oy, = Y04 %00 X,)
oX,  OX, oX,
@ Df =| ox, 0X, ox, | FBZA f MYZREL (derivative)
Vo Vo .. W
0%, OX, X,
& : N N M
@ BHERM 1<k<m * Dy, = (ax 5 axﬂj
Dy,
@ b=
Dy,

Gzl

# f(x,y,2)=(3x+Yy,e*sinz)

Hil Df(x,y,z):(ng ! q J

e*sinz 0 e*cosz
(2 H FIR"SR" fE x=(X,%,,., X,) AIPHE g:R">RP 7E f(x) A6 HI -

@® gof:R">R" f£ x AJfY
@ D(ge f)=Dg(f(x))Df (x)

Gzl
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Hl f:RP5R
Hl g:R*>R®

H f(xy,2)=f(g(s,t,u)) =(f og)(s,t,u)
= D(f og)=Df(g(s,t,u))Dg(s,t,u)

—

ot(sinu)(2u® +1)
=| 3(sinu)(2t+3s)(2u® +1)
2(tcosu +4u)(3s+1)(2u® +1)

9(tsinu)(2u® +1)
=| 3(tsinu)(2u®+1)+3(3s+t)(2u® +1)sinu
3(3s +t)(2u” +1)tcosu +12(3s +t)(2u® +1u

os ot ou
_(of of of)dg, 99, Og,
_(ax dy azJ ds ot au
ds ot au
3 1 0

=(3yz 3xz 3xy)|0 sinu tcosu
0 O 4u

=(9yz 3yz+3xzsinu 3xztcosu+12xzu)

B f(xy,2)=3xyz * Hft x=3s+t > y=tsinu H z=2u"+1

% g(s,t,u) =(3s+t,tsinu,2u’ +1) = (9,(s,t,u),9,(s,t,u), g5(s,t,u))

o(fog)Y
oS
a(f o g)

X D(fog)z(a(fa:g) a(fa:g) a(g:g)

o(f-9) 9t(sinu)(2u® +1)
0s

= w =3(sinu)(2t +3s)(2u® +1)

o( ;O 9) _ 2(tcosu +4u)(3s+t)(2u’ +1)
u

)z

ot
o(f-9)
ou

2-26
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P 1. (kszedifp] 8-1)
Let f(x,y,2z)=In(x*+y?+1z°),where x=t+2s, y=s’+sint and z=e”.Find a and ﬂ

oS ot

Bl 2. (b 8-2)
Let z=¢€* cosy, where X=U+2v, y=v—2u.Find 2—2 and 2—2 at (u,v)=(10).
u v

2-27
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i 3. (FEEEHEH 8-3)

Suppose that u=u(x,y) and u, +u, =0.Let x=rcos@ and y=rsing, write the equation in

terms of U,,U,, U, and Ug,.

2-28
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PR 4. (WSIEHED) 8-4)

3 3. v3_2y—
e 3Y=0 Find a and Gl

Suppose that u=u(x,y,z) and v=Vv(X,V,2), and . .
bp (x.y.2) b {u2+y2+22+2x:0 X X

2-29
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B 5. (FEEEHEH] 8-5)

Z=Uv
Suppose that z,u and v are functions of (X,Yy),and Ju*—v+x=0.Find a and 6_2
u+vi-y=0 o o

2-30
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ZBHHHBIMED

EHN SEERBHMDE (BEHD)

1. ZEBYRHERIT T R
(1) ®/HE  Hy="f(x) > Hl:
@ dy=f'(x)dx
@ dy FA&ME @(E57) (total differential or total derivative)

® o & AL R EUE
f (X, +dx) = f(xo)+dy|X:X = f(x,)+ f'(x,)dx

Gkl

#oy=f(x)=Vx
Bl dy = f'(x)dx = ——dx

X

= 25.01~+/25+dy| . =+25+ % +0.01=5.002

2 & z="f(xy)  Al:
@ dz= fdx+ f,dy
@ dz WA E EEWD)
® o & AL R EUE
f (X, +0X, Y, +dy) = f(X,,Y,)+ dz|X:XO
= (X, Yo) + £, (X Yo)dX + £, (X, ¥o)dy

sl
BEoz=X+y
HI dz= 1 oy dy
JX+ y JX+y

= 1/25.0101 =,/(25+0.01) + (0 +0.0001)
~+/25+0+ dz|(xyy):(25 0)
= /25 + ——-0.01+ ——-0.0001

p ke

=5.00202

() # v=~f(xy,z) > Hl:
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® dv=

@ dv WRidor R (SEMD)
©ONE T @p-CIL P IEEEE (=N
f(x, +dx,y, +dy,z,+dz) =

2. ZSRRPABIEI T RN

f (X Yo) + T, (X, ¥o)d
f (X Yo) + fy(xo,yo)dy+ f, (Xor Yo)dX (%0, Yo) ( o1 Yo dy

A /\/ f (X5, Vo)
KT\

>@
NI
\

v

_________________ dy\‘
‘/dx (Xo’ yo)
(X +dx, yo +dy) -~
B 1. (RgEEaEafl 9-1)
Find the linearization of f(x,y)=xe” at (1,0).
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Bl 2. (H52EEdp] 9-2)
e*tany +z
X+Y

Let u=

, find the total differential of u.

e 3. (hagEatfpl 9-3)

Estimate </16.2+/24.98 .
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EH+ AREH

1. 75 B8R © (DL 2B R E s ))
&oz="1f(xy) ’ 8l :
(1) D.f(ab) & f(xy) £ (a,b) i

(2 D.f(ab)=

u JTTAIFTE A RIEIARRYT TR

» B (hk) 2R u TR AR

2. JiWPRBIRA R ¢ (DL BRI K1)

il
21 X -
. f(Xy)=— »u=(12)
y +1
t
J5
f(0+—=,0+—=)—-1(0,0) AN |
Hl D f(0,0)=lim— ¥5 5 im5 f 5
u t—0 t t—0 t -0 4t +5 5
= - of
(@) ARSI 1 D,f =

BEVIERE) TR w2 D, f(a,b)

v
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BIE 1. (bszEdif 10-1)
Find the directional derivative of f(x,y)=x"+xy at (1,2) along (11).
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EH+— BEEESR

1. BiJE (gradient) [ :
(1) f(xy) 1£ (ab) HIBBEER Vi(a,b)=(f(ab), f,(a,b))
2 f(xy,z) £ (abc) MBEEER Vi(ab.c)=(f(ab,.c), f(abc) f,(ab,c))
() (X, X%, X,) TE a=(a,a,,..,a,) MIFREES

i Bl

& f(x,y)=x’siny * HI VE(x,y)=(f,f,)=(2xsiny,x*cosy)

2. BB v.s. ZEEHEITISHAEL
1) Df(xy)=(f, f,); Vi(xy)=(f,.f)
2) Df(xy,2)=(f, f, f,); Vi(xy.2)=(f,f,f)

(3) DF( XX )=(f, f oo £ )5 VIO X X,) = (F f v £)
(4) BREAERBHIAE 4 > HBRE LR > 5o E 5 m &R

3. st BB R RS ¢ (DL BB B )
(1) S z=1(xy) » BEE—MEEE c > {(x,y)eR*|f(x,y)=c} B& f(xy) E&
X ¢ MEEE (level set) » HILEME A —BhEE » BIfEAF S (level curve)

A SRR BRI SRR =

v

(2) BB Vf(a,b) 2—fE A& - RtFEERKE (a,b) LR - FrislIT S
AL = LR ORI T 6] > TRz BRI REME 2= f(xy) £
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(a,b, f(a,b)) L& =EBLRATTHAIVISE) TOISRER ) HR ZARNR

ERUE 2=f(xy) 7E (ab) EIVESEELREATTIAN o HE
b D f=
S

For any unit vector U= (h,k),
D1 :ltir? f(x+th,y+ttk)— f(x,y)

f(x+th,y+tk)— f(x,y+tk)+ f(x,y+tk) — f(X,y)

=lim
t—0 t

=Iim[f(x+th,y+tlt<r)]— f(x,y+tk).th f(x,y+tl:lz— f(x,y) -k}

t—0
—f,-h+f, ok
=(f,, f,)-(h,k)
=Vf-u
=|Vf|~‘ﬁ‘-cos«9,where 0 is the angle between Vf and u
=|Vf|-cos@

-.|D, f| =|Vf|-|cos 6] < |Vf|

So |Vf| is the maximum of ‘Da f‘ for all unit vector U

(3) EEERITIAE F AR TA

Bzl

Let the level curve of f(X,y)=cC at (X,y) be parameterized by g(t)=(x(t), y(t))

Note that (fog)(t) = f(g(t)) = f(x(), y(t)) =c

= D(fog)(t)=0

- D(f = g)(t) = Df (g(t)) Dg(t)
~(,(a(®) f(g(t»)[x‘(t)j

’ Y (1)
X ()

= (f(a(t) fy(g(t)))(yt(t)j_o

= (f. 1,)-(x,y) =0

= Vf '(Xt'yt)=0

= Vi L(X.,Y,)
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g9'() =(x'(1), y'(1))

g(t) = (x(1), y(1)

VI (x(1), y(1)

BIE 1. (F5EEsEH] 11-1)

Let f(x,y)=xe’.

(1) Find the directional derivative of f(X,y) at (2,0) along (1,2).
(2) Find the direction of steepest ascent for f(X,y) at (2,0).
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Bl 2. (hREHH 11-2)

The derivative of f(X,y) at (1,2) inthe direction (1,1) is 2+2 and in the direction (0,—2) is
—3. Find the derivative of f(x,y) at (1, 2) in the direction (-1,-2).
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EH+= FEEAYTHE

1. e BLY) - i
&ov="1(xyz) *8l:
1) {(x,y,2)eR®| f(x,y,z)=c} A f(xvy,z) ERBEFR ¢ N—EFEEE (evel

set) * HZEATEM—EihE > AIREH S EEME (level surface)
(2) FRERITIAIE e A AU

(3) v="f(xy,2) £ (ab,c) MYIFE AR :

BZlE!

Let n be a vector perpendicular to the level surface f(x,y,z)=c with starting point
(a,b,c)

= Vif(a,b,c) Ln
= the tangent plane is Vf(a,b,c)(x—a,y—b,z—c)=0
or, equivalently, /x+my+nz=/a+mb+nc, where (£,m,n)=Vf(a,b,c)

n // Vf (a,b,c)

f(x,y,2) £ (a,b,c) IV FMHE
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{5 1.
Let f(x,y,z)=+/x*+y®+2?, find the tangent plane to f(X,y,z)=1 at (

1

’ﬁ)’

N |-
N| -

lRE 2. (HiEEREH] 12-1)
Find the tangent plane to X*+4y>—2z° =4 parallelto 2X+2y+2=5

2-41
RIBEED HRE



R—iED (F)

Bl 3. (azedip] 12-2)
Let f(X,y,z)=xe’+sinz, find the normal vectorto f(X,y,z)=1 at (1,0,0).

Bl 4. (heEHH] 12-3)
Find the normal line to X*+y*+2z-9=0 passing trough (1,2,4).
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EE+= BERE « BEIBENER

1. HIBHEA ~ SBRMAR e
(1) & f(ab) kb (ab) MZEA f(x,y) K HIFE f(ab) #

(2 & f(ab) kb (ab) MK f(xy) 7 HIRE f(ab) 7

@) & f(ab) MM f(xy) K- HIFE f(ab) &

(4) & f(ab) ELfEM f(x,y) K- HIfE f(a,b) %

(5) MHMAPMEL & H B AE T PRI -3

(6) FRAMHEHRES » mKE I EBRME - V& Rl 248 a0 ME

2. ERSHREELER -
1) & HIfE (ab) & f(xy) HIERIUES

(2) & (ab) # f(xy) HEESEH f(ab) BEASHEME QIR

PeLie
3. ZRPSBCHIBARERA ¢

1° f# (a,b) Wi

o s ~ fo(ab) f,(ab)
2° EIA A(a,b)—det[ { (ab) T (ab)

f, f

Xy vy

A:det{fXX fyX] WA f(xy) BHFIE Hessian @ XAJEE/E Hf

3° # f (ab)>0 H A(a,b)>0H| f(ab) A

]: fxx(a’ b) ) fyy(a! b) - fxy(a! b) : fyx(a’ b)

= f (ab)<0 H A(a,b)>0 8l f(ab) %

A A(d,b)<0 - HI (a,b, f(ab) #

A Aa,b)=0 > AR Er

2-43

RNBEED HRIX



R—iED

il

21
AxX

10

[¢]

2

30

(@) f(xy,z) HIZFEEEZ Hf =

(M)

f(X,y)=x>—xy+y>+2x+2y—-4

% Vi(x,y)=(0,0)
= (2x—-y+2,—x+2y+2)=(0,0)
= (X’ y)=(—2,—2)

fxx fyx 2 _1
ny fyy _1 2
= A(-2,-2)=3>0

wf (-2,-2)=2>0 H A(-2,-2)>0
o f(=2,-2) =-8 ZAMHEME/IME

4. RS v.s., BRI
@) f(xy) W—REEEZ Df =(f, f)

f f
@ f(xy) MR Hf:[f“ fva:

yX vy

@) f(xy.2) W—REEER Df =(f, f, f)
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Pl 1.
Let f(x,y)=ye", find Hf(x,y).

B 2. (hEEEHEH 13-1)

Find the local maxima and local minima of f (X, y) = (x*+3y%)e

1-x2—y?
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BiIRE 3. (WA 13-2)
Find and classify all critical points of f (X, y)=16xy — x* —2y?.

P 4. (FszEHEH] 13-3)
Find the absolute extrema of f(X,y)=x*—2xy+2y on {(x,y)eR?|0<x<3,0<y<2}.
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EE I HIASBEAERECE

1. —fARUERHGErERhkS ) H RS
K f(x,y) ZHME > HEHRH g(x,y)=0
(1) FREDER
1. & (a,b) #WE Vf(ab)=A4vg(ab)
2. [L#FTA  f(ab) AIR/NRIR]SRIGHG(E

(2) H 1 WANISEAH RS (Lagrange multiplier) * 7Ef#RE E 2 — @B > ~—E
LA 2

il

4145 & Fir 7

= f(xy) £ (ab) BEEEELE
ffE c, > HIEFE g(x,y)=0
MR f(x,y)=c, MY (ab)
HUHES VE (a,b) / Vg(a,b)

it Vvf(a,b)=Avg(a,b) Q.E.D.

" g(xy)=0
2. RIEPERI RS D REGE -

R Fxy) 2 mm 20 =0
o T) e

1. f# (ab) Wi

2. EEFRA f(a,b) AYAR/NRIRA]SKIGHE
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{5l 1.

Find the maximum and minimum of f(X,y,Z)=X+Yy+2Z subject to the constrain X*+y* +2*=1.
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BildE 2. (WSEEHEH 14-1)
Let L be the intersection of X+Yy+2z2=2 and x*+ Yy’ =z. Find the shortest distance from the
originto L.
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BiIRE 3. (hWSEEHH] 14-2)
Find the maximum and minimum of x*+2y®—-2x+3 on x*+y*<10.
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BRI —EHERENES I —ERS

1. BT EBAMIEN R
& R={(x,y)eR?|la<x<bc<y<d}
(1) ijf(x,y)dA % f(x,y) £ R bRy b TR
(2) HHFEAE xy FEA 7o RIS R AE K2 A8

B) H f(xy) % ,

B [[f(x,y)dA= j: jb £ (x, y)dxdy :j:jcd £ (x, y)dydx
&S EEEH (Fubini’s theorem)

@ [ feoyddy BUREERE y BE [ f(xy)dx o RBELHA yeled] KA
S BRI ; AT EATES [ [ f(oy)dydx (ERHT RIS

(717 #(x,y)edy [ #(x, y)dyex

2. BUOTEIA SN ERT
(1) & R={(xy)eR*|a<x<b,g,(x)<y=<g,(x)}

tfe

# f(x,y) £ R FEFEH g,(x) 1 g,(x) ¥H7E [a,b] 724 -
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g HR f(x,y)dA=

(2) @& R={(xy)eR*|g,(y)<x=<g,(y)c<y=<d}
#i f(xy) £ R FEEH g,(y) M g,(y) H1E [c,d] RHH

i ij f(x, y)dA=

A A
x=g,(y) x=0,(y)
d foeeeeee y =0,(x)
L
y [
A ) \ : L y=0,(x)
] a X b ]

{5l 1.
Calculate IIR16 —x*—2y?dA, where R=[2,1]x[1,2].
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BildE 2. (WSEEHEH 15-1)
Calculate J’:J.Olfyxzdxdy and jol J'Xlexsin ydydx .
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BiIRE 3. (hWSEEHH] 15-2)
Calculate ”R x°ydA, where R is the region boundedby y=2-x* and y=Xx with x>0.
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B 4. (K5EEHH 15-3)
Calculate I IR e""*YdA, where R is the circle of radius 2 centered at the origin.
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BIRE5. (WEHEHI 15-4)
Find the volume of a pyramid with base sides 10 cm and altitude 18 cm by double integral.
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BlfE 6. (KB 15-5)

Change the order of integration and calculate it: J‘:J’mi " dydx.

0
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BIRE 7. (K5EEHH 15-6)
1,3 2
Calculate _[0 Lyex dxdy .
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BTN —ERSHNEFRER

1. ZHF AR
(1) % R={[r,6leR*|0<a<r<b,a<f<pf}
= f(x,y) f£ R 4 -

+

] ij f(x,y)dA=

(2 & R={[r,0leR?*|0<g,(0)<r<g,(0),a<0<p}
= f(xy) £ R LEEH 9,0 1 0,00) BEE [a,p] LHEE

&l ij f(x,y)dA=

0=p

v

2. HEvé EEXR

N & X=rcosd = x(r,0)
W = {y:rsinezy(r,e)

e O(XY) (X X
HIJ 7 E 3% = =
) [yr yj

IHERE PR 2 2t S Y e S EEAE R (Jacobian matrix)

(2) dA RS EBHEA—/RIEE
© HBEASLET  dA=dxdy =dydx
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@ MREEFRE R 0 dA=
_ et 2% Y)
® % dxdy=rdrdd= det(a(r,e)j drdé
@
@) & {x:x(u,v)
y=y(uv)
HI| dxdy = |det dudv
st ]
2 {x =2u-—v
y=u-v
gy OO Y) (% X2 -
h a(U,V) Yo Y 1 -
2 -1
= dxdy= det( j dudv = dudv
1 -1
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BiE 1.
Calculate ”R 3x+4ydA, where R isregion enclosed by x*+y?=1 and x°+y’=3 with
X,y =>0.
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Bl 2. (FszEdip] 16-1)
Calculate I 03 J 049_7 x* + ydydx .
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BiIdE 3. (WEEHH] 16-2)
Calculate I:e‘xzdx.
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B 4. (F5EEHH 16-3)
Calculate HReX*ydA, where R ={(x,y) e R*||x|+|y|<1}.
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BIRE5. (WHEH 16-4)

Calculate ”R e*VdA, where R is the trapezoidal with vertices 1,0),(2,0),(0,-2) and (0,-1).
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B+t “ERINER

1. FHRRCR R
&% RcR? E—EEPEAAFEE

HI R WYHME A=

i Bl

2 R={(y) R X +y? <2} Hof 4 R

HI Area(R) = ”R dA = IOZH I: rdrd@ = IOM%ZdH = %Z-Zn = A’

2. SRR — B RN
% RcR? 2 —fEmEARRIER
Al f(x,y) £ R ERTIME avge(f)=

il

& f(x,y)=x H R={(x,y)eR*|x*+y* <1}
1 1 1 por gt 1 27 1
HI| anR(f)ZWHRdA:;”RXdA:;L Io(rcosa)rdrd9=;j0 cos@jorzdrde

1 2 1 1 cor 1. o
_;J'O cosH‘(g)dH_g'[0 cos@de_g[smé?]0 =0

3. JIRBVR.L
® RcR* (EH—R (x,y) LESAHE (density) BKEL f(x,y) > Al :
(1) R WEE M=[] f(xy)dA
(2 R ¥ x #AY—ZIE (first moment) MX=”Ryf(X, y)dA

R ¥y WI—ZUE M, =

M, M,

3) R MEL f X y) = (=2,
(3) FVEL (center of mass) (X,Y) (M -

)

@) & f(xy)=1’HIE R BELAZL (centroid)
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& R={(x,y)eR*|0<x<10<y<I} WIZEERE f(x,y)=x+2y
_ et 2 _ry 2y, 11
= MX_”Ry(x+2y)dA_J.0_|‘0yx+2y dxdy_j05+2y dy_E

H M, :J.J.Rx(x+2y)dA:J.Olj.olx2 +2xydxdy :I:%Jf ydy:g

1pl 11 3
1] M:'”.Rx+2ydA:J.OIOx+2ydxdy:LEJrzydy:E
11 5
~'18°9
2 2

ZBHHHBIMED

B 1. (heEEHEH 17-1)

Find the area of the region enclosed by y=X and y=x* with x>0 and y=>0.
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BildE 2. (WSEEHEH] 17-2)
Find the average of f(X)= I chostzdt on [0,1].
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I 3. (KSEEHEH 17-3)
Find the mass and the center of mass of R, where R is the triangle of vertices (0,0),(2,0) and
(0,1), and the density of R at (X,y) is 1+2x+3y.
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EH+HN\ ZEHRHNES I ZERS

=AM ER
(1) EE—v#ER R A —EE @RE) > mEtERE R LEENE
AT f(oy2) oo B[] fooy,2)dv REFTATE R EARERRGRA A
=H
() #HE me(x,y,z)dv (53
O EHAIREMAAEZ > H] dV =dxdydz
@ & f(xy,z) 78 R 24 - AlfES 7R K]

(3) WAIPER T R ?
O fMEBEEFAY = FHE - FEE-RESR - BEE RESE - DA
oy Bt s RN ~ PERAIR—IREARIEIMA
@ mBEEES = HEA BB
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Il 1.
Calculate I”R X+Yy+zdV , where R isthe region boundedby x=0,y=0,z=0 and
X+2y+3z=0.
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B 2. (k5EEaEf 18-1)
Calculate ”L xdV , where R is the region bounded by x=0,2=0,z=1 and x*+(y-1)°*=1

with x>0.
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BiIdE 3. (hSEEHH] 18-2)
Calculate J-”.R y+zdV ,where R={(X,y,z)eR®|siny<z<x,0<y<x,0<x<7}.
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EE TN HEEERARKER

1. ¥EpEf% (cylindrical coordinate) :

X =rcosé
(2 W REMR {y=rsind
7=1

(3) ULEAHARY Jacobian #1 NP/ :

X, X X, cosd -rsind 0
o(x,y,2) a

= sin@ rcosé O
a(r.0.2) Yo Yo Y,
c 2y Z, 0 0 1
o(X,Y,2)
4 3) > dxdydz = |det ——=—~|drd@dz =
4) & (3) y 2.0.0)

(1) ZEMEPBRERIME—RS (X, y,2) HEATDAEEERE (r,0,2) Fr

A

/
/
.
/
.
’ '
/ H
, '
— !
S T
/ '
/ '
/ '
/ '
/ '

2. BRPERE (spherical coordinate) :

X=rsingcoséd
(2 #WRIEFR > {y=rsingsing

Z=rcosg

(3) UEEEHARY Jacobian 1 NN -
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X, X X, sinpcosd —rsingsind rcosecosd

%: . Yo Y, |=|singsing rsingcosd rcospsing
ne Z, 1, 1, Ccosp 0 —rsing
@) 7& (3) dxdydz = det YD 4rdodp -
o(r,0,9)

v
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{5l 1.

(1) Express (2,%,1) (cylindrical coordinate) in rectangular coordinate.

(2) Express (3,—3,5) (rectangular coordinate) in cylindrical coordinate.

o 2.
(1) Express (2,%,%) (spherical coordinate) in rectangular coordinate.

(2) Express (0,2\/5, —2) (rectangular coordinate) in spherical coordinate.
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i 3. (FEEEHEH 19-1)
Calculate J-: j? J:;W

(x* + y?)dzdydz
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BiIRE 4. (WSEEHEH 19-2)
N

Calculate J.: J: o .[;W

(x> + y? + z°)dzdydz
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BIRE 5. (K5EEHH 19-3)
Calculate ”L z\X*+y?dV , where R is the region bounded by x°+y*=2" and z=2.
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Bl 6. (WEHEMI 19-4)
Calculate mR x> +y?+2°dV, where R={(X,y,2)eR®|x>0,y>0,2>0,x*+y*+2° <4}.
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B+ =ZERSER

1. A =ER Rk :
&% RcR® B—EEFAAFEE

Jl R WYMHEIME V=

2. ZSBPAPE— B LY -
. RcR® 2 —EHfEA FRAYE I
Al f(x,y,z2) £ R LERFEIE avg(f) =

3. JPRBUELD ¢
# RcR® fEG—8E (x,y,2) LECARE (density) FREL f(x,y,z) > Al :
(1) R WEE M:jijf(x,y,z)dv
(2 R ¥ xy FHI—RIE MXy=_msz(x, y,z)dV

R ¥ yz “FHI—IUE M, =

R ¥ xz FHIN—ZIE M, =

(3) R E"JE‘)D (Q,?,E) :( yz —x Xy)

@) & f(x,y,2)=1’HIE R WELABL
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BIRE 1. (F52EHH] 20-1)
Find the centroid of the region bounded by Xx=0,y=0,z=0 and X + y + Z_ 1.

a b c
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Bl 2. (F52EHH] 20-2)
Let R={(x,y,z) e R®|x*+y?<z<4} and the density of R at (X,y,z) is 12z, find the center
of mass of R.
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B 3. (KRB 20-3)
X2 y2 ZZ
Find the volume of the ellipsoid — +=5 +—
a C

<1 with a>0,b>0 and c>0.
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